The Computer Problem
Problem Statement

The school board has just decided that every mathematics classroom in your school will be able to purchase a computer for demonstrations in the classroom.  Your teacher has asked for your help to determine which computer to buy.  The class investigates the different computers and finds a Consumer's Tips column that rates the different computers from which the teacher can pick.  The consumer guide rates the computers from 0 to 10 on Performance and Affordability.  A score of (0,0) is terrible performance and unaffordable while a score of  (10, 10) is a perfect computer.  The computers were rated as follows

	Computer 
	Performance
	Affordability

	A
	6.4
	8.5

	B
	7.3
	7.5

	C
	9.3
	3.8

	D
	8.8
	6.0

	E
	7.3
	6.0

	F
	5.5
	9.7


Table 1:  Consumer's Tips Ratings

Which do you think is the best computer?

Sample Solutions

There are a number of ways of determining criterion for establishing which computer is the "best" computer.  For all of them, the first step is to graph the data.  Looking at a long list of numbers rarely tells you what you need to know and often makes comparisons difficult.  It easier to see the data if it is plotted on a coordinate plane.  The farther to the right a point is, the greater the performance of the computer it represents.  The higher on the plot a point is, the greater the affordability of the computer the point represents.  
	Thus, we want computers that are far to the right and also high up.  If there was a computer that is both farthest to the right and highest up, we would certainly pick that one.  However, high performing computers are generally the most expensive and therefore, least affordable.  

     From the plot it is clear that Computer C has the best performance, as rated by Consumer's Tips, while Computer F is the most affordable.  Computers A, B, D, and E all have good performance and are reasonably affordable.
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Figure 1:  Affordability plotted against Performance


Greatest Sum and Greatest Product Solutions

The most common solution from students involves the largest "total" measure.  Computer A with a score of 6.4 for Performance and 8.5 for Affordability and determine a total score of 6.4 + 8.5 = 14.9.  They then rank the computers according to total scores.   If this method is used, the rankings are as follows:

	Computer 
	Performance
	Affordability
	Sum

	A
	6.4
	8.5
	14.9

	B
	7.3
	7.5
	14.8

	C
	9.3
	3.8
	13.1

	D
	8.8
	6.0
	14.8

	E
	7.3
	6.0
	13.9

	F
	5.5
	9.7
	15.2


Table 2:  Greatest Sum Comparisons


With this criterion, we see that Computers F and A finish first and second, respectively, while Computers B and D tie for third.


Some students use the product rather than the sum to determine the "total" score.  

	Computer 
	Performance
	Affordability
	Product

	A
	6.4
	8.5
	54.40

	B
	7.3
	7.5
	54.75

	C
	9.3
	3.8
	35.34

	D
	8.8
	6.0
	52.80

	E
	7.3
	6.0
	43.80

	F
	5.5
	9.7
	53.35



Table 3:  Greatest Product Comparisons


Using this criterion, we find that Computers B, A, and F finish first, second, and third, respectively.


Why would one choose a product over a sum, or vice versa.  Which is the more natural measure?  One way to think about this is to consider the geometric aspects of the problem in conjunction with the analytic measures.  
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Figure 2:  Largest Rectangle Formulation of the Problem


One can imagine two rectangles, both with one corner at the origin and another corner diagonally opposite it at (6, 6) and (4, 8), respectively.  Which rectangle is the larger rectangle?  If you think about perimeters, then the larger rectangle has the larger perimeter.  This is the sum model.  In this case, both rectangles have the same perimeter and so we would consider them to be equally large, and the computers they represent, equally good.  


However, if you think about areas, then the larger rectangle has the larger area.  This is the product model.  The rectangle with coordinate (6, 6) would be larger since it has the larger area.  Consequently, the computer represented by the point (6, 6) would be the better computer.

The TV Measure

This discussion may bring up a third measure, that students typically call the TV measure.  The size of a TV screen is given as the length of the diagonal across the screen.  Students familiar with TV advertisements will say that the rectangle with corners at (0, 0) and (4, 8) is larger than the rectangle with corners (0, 0) and (6, 6) because it has the larger diagonal measure, 
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Figure 3:  TV or Diagonal Measure

Using the TV measure, we find that Computer F  is considered the best, followed by Computers D and A.

	Computer 
	Performance
	Affordability
	TV Measure

	A
	6.4
	8.5
	10.64

	B
	7.3
	7.5
	10.46

	C
	9.3
	3.8
	10.05

	D
	8.8
	6.0
	10.65

	E
	7.3
	6.0
	9.45

	F
	5.5
	9.7
	11.15



Table 4: TV Measure Comparisons

Geometric Interpretations

There is another geometric interpretation to the sum, product, and TV measures.   First, consider the greatest sum measure.  If two computers have the same sum, they are considered equally good.  For example, a Computer Q, with a Performance measure of 8 and an Affordability measure of 6 and Computer R, with a Performance measure of 4 and an Affordability measure of 10 would be equally valued.  Any two computers for which 
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 would be valued equally with these two.  If the sum is greater than 14, then it is considered a better computer.  Since the equation 
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 is the equation of a line in the plane, a geometric interpretation of this measure argues that any point in the half-plane above the line is considered better than any computer in the half-plane below the line.
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Figure 4:  Geometric View of the Greatest Sum Measure


The best computer, then, will be the last point lying above the line 
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 for the largest possible value of k.  From our chart, the largest sum is 15.2, so the line 
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 should separate this computer (Computer F)  from all others.


The product model works similarly, although the boundary is different.  If the product 
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 is the same for two computers, then the computers are valued equally.  The equation 
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 is not a line in the plane, but a hyperbola.  The figure below shows the graph of 
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.  Notice that the curve now handicaps computers that are very large in one respect but small in the other.  This measure gives the advantage to computers that have a substantial value for both measures.


The TV measure is simply the distance from the origin.  The plane is being carved up into concentric circle centered at the origin.  The point farthest out is on the circle with greatest radius.
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Figure 5:  Geometric View of the Greatest Product and the TV Measure

Distance Definition of Best

A perfect computer would be one that had a score of (10, 10).  One way to define the best is to determine which computer comes "closest" to being a perfect (10, 10) computer?  We can see which computer is closest by measuring the Euclidean distance between their evaluation scores and the best score (10, 10).  The distance is given by the value of the expression 
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For this measure, we want the smallest value.  From the table below, we see that Computer B is the "best buy" according to the criterion of being the closest to the perfect computer.  Computers A and E are second and third on this list.    

	Computer 
	Performance
	Affordability
	Distance

	A
	6.4
	8.5
	3.900

	B
	7.3
	7.5
	3.680

	C
	9.3
	3.8
	6.239

	D
	8.8
	6.0
	4.176

	E
	7.3
	6.0
	4.826

	F
	5.5
	9.7
	4.510


Table 5:  Closest Distance Comparisons


The distance definition also has a geometric interpretation.   Any two points that are the same distance from the point representing our perfect computer 
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 are equally valued.  The set of points a given distance from a fixed point is a circle.  So the distance definition divides the plane into concentric circular regions centered at 
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.  The point in the circle with the smallest radius represents the "best" computer.
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Figure 6:  Geometric View of the Closest Distance Measure  

Reflections on the Solutions

The different solutions presented in this module are all reasonable and valid ways to compare items, and all can be generalized for situations in which more than two attributes are considered.  Complications can arise if the scales for each attribute are different, so all individual measures should be normalized before beginning.  In this example, both scores ranged from 0 to 10.  The sum, product, and TV measures have difficulty when high values of one attribute are "good", but low values of another attribute are "good".   The consumer's guide solved this problem by using an Affordability scale rather than price.  The distance measure can handle this complication easily.  We can measure the distance from our given values to the coordinates of our "Ideal" object.  The shortest distance is the one we want and indicates the object that is most like the ideal.  For example, new model running shoes are constantly being added to every manufacturer's line while older models are eliminated.  Ten years ago, I found the perfect shoe for me.  Unfortunately, that shoe is no longer manufactured.  So now I purchase the shoe whose ratings for cushioning, flexibility, stability, and weight come "closest" to my old shoes.  
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