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Context

Since the passage of House Bill 1209 in 1993, Washington has been engaged in a major initiative to better prepare its public school students for the lives they face following graduation from high school.   Statewide learning goals for students—known as Essential Academic Learning Requirements (EALRs)—were written to define the knowledge and skills in core subjects that students are expected to master.  More recently, the EALRs have been used as the foundation in developing Grade Level Expectations (GLEs) that define in a more focused and specific way what students in the core content areas are expected to know at each grade level from K-8 and for grades 9/10.  A state assessment system—the Washington Assessment of Student Learning (WASL)—has also been implemented to assess student performance relative to the EALRs.

Most recently, there has been increasing attention given to students’ transitions from high school to post-secondary education.  This is a logical extension of the emphasis devoted to K-12 education and, unfortunately, large numbers of students—in Washington and across the nation—are graduating from high school not as prepared as they could be to enter post-secondary institutions or high-performance workplaces.  This “disconnect” is especially obvious in the area of mathematics, with significant numbers of incoming freshmen required to take remedial mathematics courses.  It is this situation that was the catalyst for formation of Washington’s Transition Mathematics Project (TMP)—a collaborative project involving K-12 schools, community and technical colleges, and baccalaureate institutions, supported by the state education agency, business leadership, and community-based stakeholders.

Chief among, TMP’s concerns is defining the level of knowledge and skills that high school graduates need in mathematics so they are ready for college-level work, meet minimum admission requirements, and avoid remediation upon enrolling in a post-secondary institution.  The end product of such work will also help inform the development of GLEs for grades 11-12, which do not now exist—with the grade 9-10 GLEs and the college readiness standards serving as “bookends.” 
The TMP has commissioned Achieve, Inc. to assist with development of Washington’s college readiness standards and, subsequently, with the GLEs for grades 11 and 12.  Achieve’s role in this process is to review and analyze Washington’s standards documents and offer recommendations and suggestions that might assist the writing teams in crafting high quality documents.  Achieve’s work in Washington will be informed by the in-depth analytic and benchmarking work the organization has done with states across the nation.  In addition, the American Diploma Project (ADP) benchmarks in mathematics—the result of nearly two years of work by Achieve, Inc., the Education Trust, and the Thomas B. Fordham Foundation—will serve as a benchmark document to assist Washington as it tries to create college readiness standards that are appropriately rigorous and aligned with K-12 expectations.  
Study Description

Staff with the TMP requested that Achieve scrutinize the following documents and look at their degree of alignment with one another and with the ADP mathematics benchmarks.  To assist with this analysis, Achieve staff created a side-by-side chart—organized according to the ADP framework—that included the following documents:

· ADP Mathematics Benchmarks (2004)
· WA’s DRAFT Competency-Based Admission Standards (04/22/04)

· WA’s Grade Level Expectations for Grades 9-10 (2004)

· WA’s College Ready Outcomes from the State Board for Community & Technical Colleges (01/28/03)

This side-by-side chart served to help identify areas of strength in the various documents and areas where discrepancies exist.  As stated earlier, the ADP benchmarks were used as the basis for comparison.  
Extensive research and the active participation of numerous representatives from the secondary, post-secondary, and business communities went into the crafting of the ADP benchmarks.  Five states (Indiana, Kentucky, Massachusetts, Nevada, and Texas) partnered to identify the mathematics and the English language arts knowledge and skills needed for success in both college and high-performance workplaces.  The result is a set of standards that is ambitious, reflecting—in mathematics—content that is typically taught in Algebra I, Geometry, and Algebra II, as well as data analysis and statistics concepts.  In addition, the ADP benchmarks incorporate analytic and reasoning skills that formerly were associated with advanced or honors courses in high school.
Using the side-by-side chart just described and a set of questions to guide their analysis, three content experts who have exceptional expertise in mathematics and deep experience in evaluating standards and assessments conducted independent analyses of the documents.  This summary report is compiled from the reports of these three experts.

Findings of the Analysis

· The two documents that form the scaffold for Washington’s college readiness standards—the Competency-Based Admission Standards (CBAS) and the Grade Level Expectations (GLEs) for grades 9-10—exhibit several strengths.
The strengths of the CBAS document are in algebra/functions and trigonometry—in particular the emphasis placed on nonlinear functions (quadratic, exponential, logarithmic, rational, and trigonometric) and the properties of their graphs.  Specific areas cited by reviewers as noteworthy include:

· Emphasizing the relationship between the graph of a function 
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  (where a, b, c, and d are constants).  Understanding of the effect on the graph of a function of translations and dilations of its independent and dependent variables is key to the study of functions and basic operations with them.

· Requiring a student to solve a quadratic equation and connect the solutions with the graph of the corresponding function.  This expectation is noteworthy in that it helps students make the connection between symbolic and graphic representations of functions. 

· Calling attention to the application of nonlinear functions in modeling a wide range of physical phenomena.  For example, CBAS requires that students correctly distinguish among polynomial, logarithmic and exponential functions and their graphs to determine which would best model a given data set.  In addition, CBAS requires that students be able to use trigonometric functions to model periodic phenomena—a potentially useful and appealing approach to convincing students of the importance of trigonometry.
The EALRs and the GLEs for grades 9-10 address all of the domains of mathematics plus the mathematical processes.  Specific areas of strength cited by Achieve’s reviewers include:

· Defining a strong set of process skills, with EALR 2 focusing on problem solving, EALR 3 on reasoning, EALR 4 on communication, and EALR 5 on connections.  The GLEs corresponding to these EALRS provide clear and specific definition as to the expectations.  The fact that these are identified as eligible for inclusion in the WASL is also a positive thing, as is the fact that mathematical processes are associated with the content expectations associated with EALR 1—helping define the level of cognitive demand associated with the expectations.
· Relating the importance of estimation in both computational and measurement contexts

· There are instances in which the level of expectation as defined by the GLEs and CBAS does not appear to be as rigorous as that articulated in the ADP benchmarks.  

The ADP benchmarks define what high school graduates must know and be able to do to be fully prepared to succeed in credit-bearing college courses or in high-growth, highly skilled occupations.  Given that ADP’s work is grounded in empirical evidence of what post-secondary institutions and employers across the country actually require of students and employees, comparison of Washington’s documents to the ADP mathematics benchmarks should provide valuable insight to the state as they develop their own college readiness standards.  Areas of discrepancy are noted below, organized by the four major domains of mathematics:  number sense and numerical operations; algebra; geometry; and data interpretation, statistics, and probability.
Number Sense and Numerical Operations

· The CBAS do not mention irrational or complex numbers explicitly as in ADP I3. Nor do the CBAS stress the role of irrational numbers and their important properties such as that the sum of a rational number and an irrational number is irrational or the product of a non-zero rational number and an irrational number is irrational. In fact no arithmetic with irrational numbers is ever required explicitly.  An understanding of the structure of the number system is critical to building not only the strong mathematics background needed for success in entry-level college mathematics courses but also for general mathematical literacy.   
· The CBAS do not include computation with scientific notation, as in ADP I1.5

· Absolute value, which is introduced in the eighth-grade GLEs, is not developed further to reflect the uses to which it will be put in Algebra I and Algebra II, when students will likely be required to solve equations and inequalities involving absolute value. Consideration should be given to referencing absolute value in the college readiness standards, as it is in ADP I2.
· ADP I4 defines expectations with respect to understanding the capabilities and limitations of technology and to using technology to solve problems.  Washington should be explicit in its college readiness standards as to the level of technological facility expected of students.  Given the demands of post-secondary education it is realistic to include specific references to such tools as spreadsheets, graphing calculators, and software applications for data analysis.  
· The National Council of Teachers of Mathematics (NCTM) defines the expectation that students should understand vectors and matrices as systems that have some of the properties of the real number system. It is their expectation that students should also develop an understanding of properties of, and representations for, the addition and multiplication of vectors and matrices.  Consideration should be given as to whether Washington institutions of higher education view this as important content knowledge for incoming freshmen.

· More depth with respect to exponents and roots to support the work expected with nonlinear functions is called for. Neither the GLEs nor the CBAS contains expectations that define the depth of understanding required if students are to grasp exponential and logarithmic functions.  For example, the GLEs for grades 9-10 mention square and cube roots but no mention is made of rational exponents or the laws of exponents for rational number exponents. See ADP J1.2 and J2.6.
Algebra

· The CBAS are considerably weaker than ADP with respect to traditional algebraic skills. There are no analogs of ADP benchmarks J1.3, J1.4, J1.5 and J1.6 which deal principally with symbolic manipulation of polynomial and rational expressions.  Concern was expressed by the reviewers that, when considered together, the CBAS document and the GLEs for grades 9-10 will not set the foundation in symbolic manipulation that enables students to understand the vital connection between the algebraic properties of functions and the behavior of their graphs.  In the CBAS, Content Standard 1, the most symbolic manipulation required of students appears to be solving linear equations such as 7x+10= -5x-14.  As one reviewer noted, Washington is “gambling that students can appreciate the qualitative aspects of the behavior of non-linear functions without much algebraic background.”

· A similar concern with respect to the balance between conceptual understanding and procedural facility was noted with respect to the treatment of systems of equations.  For example, the CBAS require that students understand the meaning of the solution of a linear system of two equations in two variables.  This may mean that students are expected to be able to interpret the meaning of a graphical solution of a system of equations but not necessarily be able to generate an algebraic solution.  The CBAS do not require students to be able to solve systems of two linear equations in two variables or three linear equations in three variables, as in ADP benchmarks J3.3 and J3.4.  Nor are students expected to be able to graph the solution set of a system of linear inequalities in two variables as in ADP benchmark J4.4. 
· Reviewers expressed concern that the only solution strategy referenced in the CBAS document is use of the quadratic formula.  Solving quadratic equations by factoring or completing the square is not referenced in the CBAS document—while these strategies are included in ADP J3.5. Because the CBAS document does not mention irrational or complex numbers explicitly, it is not clear what kind of quadratic equations students are expected to solve and in what form the roots should be given.  Based on the work in earlier grades it may be that only quadratic equations with rational roots are to be considered. But if so, factoring might suffice and there would be less need to rely solely on the quadratic formula. If it is the case that a student is expected to solve any quadratic equation with real roots, then there should be more attention paid in the expectations to computations with irrational numbers.
· ADP J1.7 is an asterisked statement indicating it as a requirement for students who intend to take calculus in college.  However, at least one reviewer indicated that students in grades 11-12 should have some level of experience with finding formulas for the general term of a series, more rigorous than the expectations defined in GLEs 1.5.1 and 1.5.2. 
· Reviewers suggested that Washington’s college readiness standards could lay a stronger foundation for understanding functions, their representations, and their properties than is done in the CBAS document.  For example, ADP J2.3 makes explicit that students are to “understand functional notation and evaluate a function at a specified point in its domain.”  Neither the GLEs nor the CBAS is explicit in this regard.  In addition, while the CBAS require that students recognize—in graphical form—whether relationships are functions, no explicit reference is made to such an expectation with respect to symbolic forms.  Reviewers recommend that Washington’s college readiness standards expand the approach taken with functions in the current Washington documents by including clear references to both symbolic manipulation and qualitative treatment, i.e., graph interpretation.
· Inequalities are introduced in the eighth-grade GLEs—but only single variable—and then again in the grade 9-10 GLEs as systems of inequalities. The CBAS do not explicitly reference inequalities in Content Standard 1 where mastery of linear functions and their applications is included, and such content is relevant for college-bound students.  ADP specifically references inequalities in benchmarks J3.1, J4, and J4.4. 
· The CBAS do not include the binomial theorem and its connections to combinatorics, Pascal’s triangle and probability (ADP J6).  Consideration should be given to adding this content to the Washington college readiness standards.
· Once again, it should be explicitly stated what the expectations are for students with respect to using technology to solve problems involving algebra.  Graphing calculators and computer software applications can prove to be valuable tools to students as they represent and study the behavior of polynomial, exponential, rational, and periodic functions, but the expectations with respect to college readiness need to be made clear.
· Reviewers commented that Washington’s college readiness standards could express more clearly than the CBAS document the concept of multiple representations of functional relationships.  The translation from tables to graphs to equations and the advantages of each in contrasting situations is a valuable skill not explicitly stated as applying to all classes of functions.
· Consideration should be given to more clearly addressing equations and graphs of conic sections in the college readiness standards.  This topic is addressed most clearly in the CBAS with respect to the parabola as the graph of a quadratic function. References to other conic sections are more oblique in that the CBAS, Content Standard 3, state that students are to be able to correctly distinguish among various types of nonlinear functions and their graphs to determine which would best model given data.  Specific reference to circles, ellipses, parabolas, and hyperbolas would make the level of expectation clearer. 
· Reviewers questioned whether one aspect of the CBAS, Content Standard 3, is actually too much to expect of college-intending students.  At least one reviewer commented that students should be able to work with f(x) = aebx  but that f(x) = aebx + c(x – b) might in fact be too much to expect.

· Reviewers identified a few places in the CBAS document that require language edification.  For example, the document repeatedly uses the word “rate” when “rate of change” would be more appropriate.  It also appears that the document has a typographical error when on page 16 (Content Standard 3) it gives the relationship between exponential and logarithmic equations.  The statement should be:
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.  In addition, it was not clear what the distinction is between “practical” contexts and “applied” contexts.
Geometry

· The ADP standards make explicit reference to geometric proofs and the axioms, definitions, and theorems that are tools in such proofs (ADP K1.1 and K1.2).  While students’ abilities to construct geometric proofs, engage in the deductive reasoning that is inherent in geometry, and produce and critique logical arguments may be difficult to assess on a large-scale assessment, this knowledge and skill is important in developing students’ abilities to reason and solve problems.  Such aspects of geometry are not apparent in the current Washington documents, and consideration should be given to making them a visible part of the state’s college readiness standards.  In particular, similarity and congruence proofs—and proofs of the Pythagorean Theorem, in particular—are realistic expectations for college-ready students.
· While the eighth-grade GLEs address application of the Pythagorean Theorem to find the unknown length of a side of a right triangle, references to right triangles are missing in the GLEs for grades 9-10.  Right triangles are mentioned in the CBAS, in the context of Content Standard 4 on trigonometry, but the references are somewhat vague and need to be clarified.  For example, what does it mean for students to be able to “solve right triangle problems?”  Washington should consider clarifying the expectations with respect to right triangles by explicitly mentioning the Pythagorean Theorem and special right triangle relationships.  ADP makes such explicit references in benchmarks K5 and K10.3.
· It is important that students be able to make connections between different aspects of mathematical knowledge, and the CBAS document misses the opportunity to use slope to express the parallelism and perpendicularity of lines—as is done in ADP benchmark K10.1.  Another opportunity to help students see the connection between aspects of mathematical content would be to link the concept of slope of a straight line to that of the tangent of the angle of inclination. 
· Circle geometry is not explicitly included in either the grade 9-10 GLEs or in the CBAS document.  It is included in ADP benchmarks K4 and K10.4 and recommended as an important part of the mathematics repertoire of a college-ready student.
· The CBAS document does a good job of addressing trigonometry.  Since trigonometry is not addressed at all in the grade 9-10 GLEs, the implication is that this content will be spelled out as important in the GLEs for grades 11-12.  Consideration should be given to all of the ADP benchmarks associated with K11 to determine if all of the aspects of trigonometry deemed important in Washington for college-ready students are spelled out clearly in the college readiness standards.  For example, the expectations in ADP K12.2 and 12.4 are not explicitly stated in the CBAS document but a student completing a basic trigonometry class should be able to meet these requirements.  Perhaps the college readiness standards can more specifically define expectations with respect to trigonometry.
Data Interpretation, Statistics, and Probability

· Most of the ADP benchmarks on data interpretation, statistics, and probability tend to be covered in the GLEs for grades 7 through 10. However, there is concern that these GLEs do not effectively communicate the level of rigor expected of college-ready students.  Since the CBAS document does not directly address this content, consideration should be given to listing the data displays expected (including spreadsheets, at this level), and listing the summary statistics expected (including percentiles, variance and standard deviation, at this level).  The ADP benchmarks address these aspects of content in benchmarks L1.1, L1.2, L1.3, and L1.5.
· Students prepared for college should be expected to distinguish between correlation and causation (ADP benchmark L2.3).  They should also be able to understand correlation as it relates to the line of best fit—a logical extension and deepening of expectations contained in the GLEs for grades 9-10—as described in ADP benchmark L3.4. 
· Students prepared for college should also be familiar with the basic characteristics of the Gaussian normal distribution (ADP benchmark L1.6).  This is not referenced in either the GLEs or the CBAS document, and—given its importance in real-world settings—would seem to be of value to college-bound students.  
· The GLEs all refer to a single data set.  At the college readiness level, students should be able to make comparisons across data sets using graphs and summary statistics—as defined in ADP benchmark L1.4.
· As was mentioned earlier in relation to other domains of mathematics, Washington’s college readiness standards should clearly define the level of technological facility students are expected to have with respect to data analysis.  If graphing calculators and other technology are considered integral to data analysis at this level, the college readiness standards could include a more sophisticated level of regression equations, with students expected to be able to create a scatter plot and linear, exponential and quadratic equations to fit the data.
· In addition to addressing content issues, there are other steps that can be taken to help ensure that the college readiness standards are a balanced, high quality, user-friendly set of standards.  
Ensuring appropriately rigorous content is the foremost concern in the development of a set of high quality standards.  However, there are other aspects of the standards document that—if taken into consideration early in the development process—can help ensure that the document is formatted, worded, and presented well.  Following their analysis of the existing Washington standards documents, reviewers made the following suggestions that may be of use as the state proceeds with the development of college readiness standards.

· If college readiness standards are to be clearly and comprehensively articulated, they should be compiled into one document.  The grade 9-10 GLEs and the CBAS documents were developed separately and hence now exist as separate documents.  However, if K-12 educators, professors, business leaders, and the public are to understand what Washington thinks is important mathematical content for college-ready students, it will be important to consolidate those expectations in one document.  Since the current CBAS document emphasizes algebra, functions, and trigonometry, it will be important to articulate what is expected with respect to all of the mathematical domains—number sense and numerical operations, algebra, geometry, and data interpretation, statistics, and probability—by synthesizing and enhancing the substance of these documents.
· By thoughtfully developing college readiness standards, Washington will be in a good position to embark upon the development of GLEs for grades 11-12 in late 2004 and early 2005.  By using the grade 9-10 GLEs and the college readiness standards as “bookends,” Washington has the tools it needs to develop a clearly articulated set of standards extending from kindergarten through the college readiness stage.

· The mathematical processes of problem solving, reasoning, communicating, and connecting are integral to a strong mathematics education, and it is important that the college readiness standards effectively convey these expectations.  The GLEs have already been noted as being particularly strong in their portrayal of the mathematical processes, but their devotion to these is extensive.  The CBAS repeats for each content standard a set of general expectations that sometimes—but not consistently—reflect the mathematical processes.  Washington needs to come up with a clear, consistent, and non-repetitive way to address the mathematical processes.
· As the college readiness standards are written, care needs to be taken to ensure that the language used clearly and accurately communicates the level of mathematical understanding expected of students.  The ADP standards use brief examples and also more extensive workplace tasks and post-secondary assignments to communicate the level of understanding expected of college-ready students.  In addition, care needs to be taken in phrasing the expectations to ensure that the level of rigor is clearly stated.  For example,  rather than using the verb “understand,” it would be more clear—and more uniformly understood—if a verb could be used to define how students would actually be expected to communicate their understanding of the content.  The verbs used to express expectations are critical when it comes to communicating whether the expectation is at the procedural level or at a deeper conceptual level.
· Some of the current CBAS expectations seem to be of a smaller “grain size” than others.  For example, solving linear equations of the form ax+b=cx+d is quite narrow and specific, while solving right triangle problems might include a number of different things including applications of the Pythagorean Theorem, using the properties of special right triangles to solve a problem, or using trigonometric ratios to calculate an unknown value.  Identifying a relatively consistent level of specificity—to the degree possible—can help address this issue.
· If students are to have a deep understanding of mathematics and realize and appreciate its power and value, it is helpful if they can see connections between different aspects of mathematics.  An earlier example showed the value in linking the concept of slope to the tangent of the angle of inclination and to the concepts of parallelism and perpendicularity.  As the standards are developed, it would be helpful to take advantage of opportunities that facilitate making these connections for students.
· It is important to determine—from Washington’s perspective—what a good balance is among the procedural, conceptual, and applied/practical aspects of mathematical understanding.  As discussed earlier in this summary with respect to algebra, it is important to address both symbolic manipulation—which is of a procedural nature—and graphical interpretation—a qualitative and more conceptual activity.
· As discussed in several places in this report, it is important to be clear as to the level of facility with technology expected of college-ready students.  It is also important to define what specific technological tools students should be able to employ if they are indeed prepared to enter college.  
Conclusion
Washington has taken on the difficult but important task of defining the mathematics knowledge and skills that high school graduates need to ensure they are ready for college-level work  By defining such expectations, the state is also providing an end goal to help in extending the GLEs beyond their current terminal point at grades 9-10.  Implicit in this development work is the notion that more than two years of high school mathematics is necessary if all students are to be prepared to be successful in their post-secondary lives.

To help Washington ensure that its college readiness standards are targeting appropriate content and levels of performance, Achieve has analyzed existing state standards documents at the secondary and post-secondary levels and done a comparative analysis of these documents with the ADP standards.  While much of what currently exists in Washington is of high quality and can contribute to what will hopefully be a comprehensive set of college readiness standards for mathematics, Achieve has identified some areas that the TMP teams tasked to do this work should consider.  In general, Achieve recommends that:

· TMP teams understand and agree on the purposes of the college readiness standards and enter into their important development work with a vision of the uses to which this set of standards might be put.
· TMP teams carefully plan the organizing schema and format of the document to be easily understandable by a variety of audiences and compatible with the document’s purposes and potential uses.

· TMP teams capitalize on the strengths of existing Washington documents—including the GLEs and the CBAS—and at the same time give careful consideration to the recommendations made as a result of the comparative analysis done involving Washington’s secondary and post-secondary documents and the ADP benchmarks in mathematics.  The ADP benchmarks are grounded in empirical evidence of what the post-secondary world—educators and employers—actually require of employees and students and should prove to be a valuable resource to the TMP teams.  Specific recommendations with respect to mathematics content and more general suggestions related to such things as language, organization, and balance are included in the body of this report.
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